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Remark: The semantics of standpoint logic can also be expressed 
in standard Kripke (relational) semantics.
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1.  

2.  

3.  

4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲
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□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))
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6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)
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□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))
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𝖲

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1
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5. ∀x ◊𝖲(𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(x)) → □𝖫 𝖳𝗎𝗆𝗈𝗋(x)

6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)
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4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍
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□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))
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𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍
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6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)
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7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)
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π

𝖲𝖫π′￼
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6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)
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□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))
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8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π
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6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)
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5. ∀x ◊𝖲(𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(x)) → □𝖫 𝖳𝗎𝗆𝗈𝗋(x)

6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)

1.  

2.  

3.  

4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲𝖫π′￼

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾
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11.  (10,7)□𝖧𝖳𝗂𝗌𝗌𝗎𝖾(a)
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5. ∀x ◊𝖲(𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(x)) → □𝖫 𝖳𝗎𝗆𝗈𝗋(x)

6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)

1.  

2.  

3.  

4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲𝖫

π′￼′￼ 𝖧

π′￼

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾
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11.  (10,7)□𝖧𝖳𝗂𝗌𝗌𝗎𝖾(a)
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5. ∀x ◊𝖲(𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(x)) → □𝖫 𝖳𝗎𝗆𝗈𝗋(x)

6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)

1.  

2.  

3.  

4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲𝖫

π′￼′￼ 𝖧

π′￼

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍

𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾

, 𝖳𝗂𝗌𝗌𝗎𝖾
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10.  (9,3)□𝖫𝖳𝗂𝗌𝗌𝗎𝖾(a)

11.  (10,7)□𝖧𝖳𝗂𝗌𝗌𝗎𝖾(a)

12.  (11,6)□𝖧 ∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(a, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)
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5. ∀x ◊𝖲(𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(x)) → □𝖫 𝖳𝗎𝗆𝗈𝗋(x)

6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)

1.  

2.  

3.  

4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲𝖫

π′￼′￼ 𝖧

π′￼

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍

𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾

, 𝖳𝗂𝗌𝗌𝗎𝖾
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10.  (9,3)□𝖫𝖳𝗂𝗌𝗌𝗎𝖾(a)

11.  (10,7)□𝖧𝖳𝗂𝗌𝗌𝗎𝖾(a)

12.  (11,6)□𝖧 ∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(a, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)

10

5. ∀x ◊𝖲(𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(x)) → □𝖫 𝖳𝗎𝗆𝗈𝗋(x)

6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)

1.  

2.  

3.  

4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲𝖫

ϵ0

π′￼′￼ 𝖧

π′￼

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍

𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾

, 𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿

𝖳𝗎𝗆𝗈𝗋
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11.  (10,7)□𝖧𝖳𝗂𝗌𝗌𝗎𝖾(a)

12.  (11,6)□𝖧 ∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(a, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)

13.  (12,2)□𝖧 ∃y 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(y)
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5. ∀x ◊𝖲(𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(x)) → □𝖫 𝖳𝗎𝗆𝗈𝗋(x)

6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)

1.  

2.  

3.  

4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲𝖫

ϵ0

π′￼′￼ 𝖧

π′￼

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍

𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾

, 𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿
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12.  (11,6)□𝖧 ∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(a, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)

13.  (12,2)□𝖧 ∃y 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(y)
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5. ∀x ◊𝖲(𝖳𝗎𝗆𝗈𝗋(x) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(x)) → □𝖫 𝖳𝗎𝗆𝗈𝗋(x)

6. ∀x □𝖧 (∃y 𝗉𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿(x, y) ∧ 𝖳𝗎𝗆𝗈𝗋(y)) ↔ ◊𝖫𝖳𝗎𝗆𝗈𝗋(x)

7. ∀x □𝖫 𝖳𝗂𝗌𝗌𝗎𝖾(x) → □𝖧 𝖳𝗂𝗌𝗌𝗎𝖾(x)
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4.

□𝖲(¬∃x 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x) ∧ 𝖳𝗂𝗌𝗌𝗎𝖾(x))

□𝖧(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖯𝗋𝗈𝖼𝖾𝗌𝗌(x))

□𝖫(∀x 𝖳𝗎𝗆𝗈𝗋(x) → 𝖳𝗂𝗌𝗌𝗎𝖾(x))

𝖫 ⪯ 𝖲 ∧ 𝖧 ⪯ 𝖲

8.◊𝖲(𝖯𝖺𝗍𝗂𝖾𝗇𝗍(p1) ∧ 𝖧𝖺𝗌𝖯𝖺𝗋𝗍(p1,a) ∧ 𝖳𝗎𝗆𝗈𝗋(a) ∧ 𝖮𝖻𝗃𝖾𝖼𝗍(a))

π

𝖲𝖫

ϵ0

π′￼′￼ 𝖧

π′￼

𝖯𝖺𝗍𝗂𝖾𝗇𝗍

p1

𝖧𝖺𝗌𝖯𝖺𝗋𝗍

a

𝖳𝗎𝗆𝗈𝗋, 𝖮𝖻𝗃𝖾𝖼𝗍

𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾

, 𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖽𝗎𝖼𝗍𝖮𝖿

𝖳𝗎𝗆𝗈𝗋, 𝖯𝗋𝗈𝖼𝖾𝗌𝗌
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Goal: Understanding computational cost of reasoning with standpoint-KR languages

We consider fragments of FOSL.

Important distinction: how much do standpoint operators and quantifiers interleave? 

*Sentential fragments often preserve complexity, but have limitations

*Monodic fragments have important applications in knowledge integration

*Beyond monodic modal logics easily become undecidable 

+ liberal use of 
modal operators

Beyond:∀x∃y □s (p(x, y))

Decidability and Complexity 
12

+ technically challenging

Monodic Fragments: ∀x □s ∃y (p(x, y))
Sentential Fragments: □s ∀x∃y(p(x, y))



Sentential Fragments

Beyond:∀x∃y □s (p(x, y))
Monodic Fragments: ∀x □s ∃y (p(x, y))

Sentential Fragments: □s ∀x∃y(p(x, y))
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Sentential Fragments
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Sentential First Order Standpoint Logic (FOSL):

14

Sentential Fragments
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Sentential First Order Standpoint Logic (FOSL):

14

Sentential Fragments

Definition (Sentential formula): 
Let  be a formula of FOSL. We say that  is sentential iff for all subformulas of  of the form , all variables 
occurring in  are bound by a quantifier.

ϕ ϕ ϕ □e ψ
ψ
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Sentential First Order Standpoint Logic (FOSL):
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Sentential Fragments

1.ロS[∀x Tumor(x) (Process(x) V Tissue(x))]→

Definition (Sentential formula): 
Let  be a formula of FOSL. We say that  is sentential iff for all subformulas of  of the form , all variables 
occurring in  are bound by a quantifier.

ϕ ϕ ϕ □e ψ
ψ
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Sentential First Order Standpoint Logic (FOSL):

Eg.:

14

Sentential Fragments

1.ロS[∀x Tumor(x) (Process(x) V Tissue(x))]→
2. T[ ] P[ ]◊ ⊤ ∧ ◊ ⊤

Definition (Sentential formula): 
Let  be a formula of FOSL. We say that  is sentential iff for all subformulas of  of the form , all variables 
occurring in  are bound by a quantifier.

ϕ ϕ ϕ □e ψ
ψ



How to Agree to Disagree: Managing Ontological Perspectives using Standpoint Logic | Page

Sentential First Order Standpoint Logic (FOSL):

Eg.:

14

Sentential Fragments

1.ロS[∀x Tumor(x) (Process(x) V Tissue(x))]→
2. T[ ] P[ ]◊ ⊤ ∧ ◊ ⊤
3.∀xロP[Tissue(x)] ロT[Tissue(x)]→

Definition (Sentential formula): 
Let  be a formula of FOSL. We say that  is sentential iff for all subformulas of  of the form , all variables 
occurring in  are bound by a quantifier.

ϕ ϕ ϕ □e ψ
ψ
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Sentential First Order Standpoint Logic (FOSL):

Eg.:

14

Sentential Fragments

Theorem (Small Model Property): 
A sentential FOSL formula  is satisfiable iff it has a model with at most  precisifications. That is, for 
sentential FOSL, satisfiability and |φ|-satisfiability coincide. 

ϕ |ϕ |

1.ロS[∀x Tumor(x) (Process(x) V Tissue(x))]→
2. T[ ] P[ ]◊ ⊤ ∧ ◊ ⊤
3.∀xロP[Tissue(x)] ロT[Tissue(x)]→

Definition (Sentential formula): 
Let  be a formula of FOSL. We say that  is sentential iff for all subformulas of  of the form , all variables 
occurring in  are bound by a quantifier.

ϕ ϕ ϕ □e ψ
ψ
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(n-)Equisatisfiable Translation to Plain FOL
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(n-)Equisatisfiable Translation to Plain FOL
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Sentential Fragments

FOL model
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(n-)Equisatisfiable Translation to Plain FOL
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Example:

Sentential Fragments

a

FOL model
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(n-)Equisatisfiable Translation to Plain FOL

15

Example:

*𝟣 𝖱𝟣 ¬𝖡𝟣

*𝟥 ¬𝖱𝟥 𝖡𝟥

*𝟤 𝖱𝟤 𝖡𝟤

Sentential Fragments

a

¬p1

p2

p3

FOL model
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FOSL model

(n-)Equisatisfiable Translation to Plain FOL

15

Example:

*𝟣 𝖱𝟣 ¬𝖡𝟣

*𝟥 ¬𝖱𝟥 𝖡𝟥

*𝟤 𝖱𝟤 𝖡𝟤

Sentential Fragments

a

p 𝖡
*

𝖱
π1

π2

π3

ϵ1 Δ
Π

p

¬p

a

¬p1

p2

p3

FOL model
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Sentential Fragments

(n-)Equisatisfiable Translation to Plain FOL
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Lemma: 
A formula  is n-satisfiable in FOSL if and only if 

 is satisfiable in first-order logic.
ϕ

𝖳𝗋𝖺𝗇𝗌𝗇(ϕ)

Sentential Fragments

(n-)Equisatisfiable Translation to Plain FOL
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Lemma: 
A formula  is n-satisfiable in FOSL if and only if 

 is satisfiable in first-order logic.
ϕ

𝖳𝗋𝖺𝗇𝗌𝗇(ϕ)

Sentential Fragments

(n-)Equisatisfiable Translation to Plain FOL

Theorem: 
Let  be a "translation-friendly" fragment of FOL. 
Then the satisfiability of the sentential 
standpoint-  fragment of FOSL, 
• is decidable iff it is for , and
• has the same complexity as  (if at least NP)

F

F
F

F
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● By small model property and generic translation, complexity of decidable fragments is preserved:

Decidable Sentential Framgments
17

➡ S Guarded fragment (GF)  2ExpTime  
➡ S Triguarded fragment (TGF)  2NExpTime

→
→

➡ S Counting 2-variable fragment (C2)   NExpTime 
➡ Standpoint OWL 2  2NExpTime (some extra tricks required)

→
→
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● By small model property and generic translation, complexity of decidable fragments is preserved:

● Result via polynomial equisatisfiable translation  practical implementations→

Decidable Sentential Framgments
18

➡ S Guarded fragment (GF)  2ExpTime  
➡ S Triguarded fragment (TGF)  2NExpTime

→
→

➡ S Counting 2-variable fragment (C2)   NExpTime 
➡ Standpoint OWL 2  2NExpTime (some extra tricks required)

→
→

𝒪𝖲𝖫

Proprietary Standpoint OWL Reasoner

𝒪𝗉𝗅𝖺𝗂𝗇𝖮𝖶𝖫

Answer: 
Satisfiable?

 Equisatisfiable Translation OWL Reasoners
HermiT

FaCT++



Monodic Fragments

Beyond:∀x∃y □s (p(x, y))
Monodic Fragments: ∀x □s ∃y (p(x, y))

Sentential Fragments: □s ∀x∃y(p(x, y))
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The description logic ℰℒ
21
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The description logic ℰℒ
21

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩⟨N𝖢, N𝖱, N𝖨⟩



How to Agree to Disagree: Managing Ontological Perspectives using Standpoint Logic | Page

Syntax:

The description logic ℰℒ
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Syntax:
The set of concepts is given by

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
With .A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

The description logic ℰℒ
21

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩⟨N𝖢, N𝖱, N𝖨⟩
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Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩⟨N𝖢, N𝖱, N𝖨⟩

𝖳𝗂𝗌𝗌𝗎𝖾
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Syntax:
The set of concepts is given by

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
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The description logic ℰℒ
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𝖳𝗂𝗌𝗌𝗎𝖾
𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
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Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩
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With . 

The set of axioms includes:  
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌
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Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
22

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 ∘ 𝗁𝖺𝗌𝖯𝖺𝗋𝗍 ⊑ 𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌
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Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
22

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 ∘ 𝗁𝖺𝗌𝖯𝖺𝗋𝗍 ⊑ 𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌

𝗁𝖺𝗌𝖯𝖺𝗋𝗍
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Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
22

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 ∘ 𝗁𝖺𝗌𝖯𝖺𝗋𝗍 ⊑ 𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌

𝗁𝖺𝗌𝖯𝖺𝗋𝗍

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲⟨N𝖢, N𝖱, N𝖨⟩

Towards Standpoint- +ℰℒ
23

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿



How to Agree to Disagree: Managing Ontological Perspectives using Standpoint Logic | Page

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

Δϵ′￼′￼ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

Π
Δ

π

ϵ′￼′￼ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

Π
Δ

π

ϵ′￼′￼

π′￼′￼

π′￼

ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾

𝗁𝖺𝗌𝖯𝗋𝗈𝖼𝖾𝗌𝗌
𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩
-  maps each  to an + interpretation γ π ∈ Π ℰℒ

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

Π
Δ

π

ϵ′￼′￼

π′￼′￼

π′￼

ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾

𝗁𝖺𝗌𝖯𝗋𝗈𝖼𝖾𝗌𝗌
𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩
-  maps each  to an + interpretation γ π ∈ Π ℰℒ

-  maps each  to a nonempty subset of σ s ∈ N𝖲 Π

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

Π
Δ

π

ϵ′￼′￼

π′￼′￼

π′￼

ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾

𝗁𝖺𝗌𝖯𝗋𝗈𝖼𝖾𝗌𝗌
𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩
-  maps each  to an + interpretation γ π ∈ Π ℰℒ

-  maps each  to a nonempty subset of σ s ∈ N𝖲 Π

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
23

Π
Δ

π

𝖲
𝖳

ϵ′￼′￼

π′￼′￼ 𝖯

π′￼

ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾

𝗁𝖺𝗌𝖯𝗋𝗈𝖼𝖾𝗌𝗌
𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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Decision Calculus for 𝕊ℰℒ+

25
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(1) Normalisation:
- Sharpenings:  

-                        𝗌′￼ ⪯ 𝗌 𝗌1 ∩ 𝗌2 ⪯ 𝗌
- GCIs:

-               □𝗌 (C ⊑ D) □𝗌 (C1 ⊓ C2 ⊑ D)

-       □𝗌 (∃r . C ⊑ D) □𝗌 (C ⊑ ∃r . D)

-        □𝗌 (C ⊑ □𝗎 D) □𝗌 (C ⊑ ◊𝗎D)
- RIAs: 

-               □𝗌 (R′￼⊑ R) □𝗌 (R1 ∘ R2 ⊑ R)
- Concept and role assertions: 

-                  □𝗌 C(a) □𝗌 r(a, b)

Decision Calculus for 𝕊ℰℒ+

25
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(1) Normalisation:
- Sharpenings:  

-                        𝗌′￼ ⪯ 𝗌 𝗌1 ∩ 𝗌2 ⪯ 𝗌
- GCIs:

-               □𝗌 (C ⊑ D) □𝗌 (C1 ⊓ C2 ⊑ D)

-       □𝗌 (∃r . C ⊑ D) □𝗌 (C ⊑ ∃r . D)

-        □𝗌 (C ⊑ □𝗎 D) □𝗌 (C ⊑ ◊𝗎D)
- RIAs: 

-               □𝗌 (R′￼⊑ R) □𝗌 (R1 ∘ R2 ⊑ R)
- Concept and role assertions: 

-                  □𝗌 C(a) □𝗌 r(a, b)

Decision Calculus for 𝕊ℰℒ+

25

(2) Extended modalised GCIs:
□𝗍 [A ⊑ □𝗌 [B ⇒ C]]
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(1) Normalisation:
- Sharpenings:  

-                        𝗌′￼ ⪯ 𝗌 𝗌1 ∩ 𝗌2 ⪯ 𝗌
- GCIs:

-               □𝗌 (C ⊑ D) □𝗌 (C1 ⊓ C2 ⊑ D)

-       □𝗌 (∃r . C ⊑ D) □𝗌 (C ⊑ ∃r . D)
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- Concept and role assertions: 

-                  □𝗌 C(a) □𝗌 r(a, b)

Decision Calculus for 𝕊ℰℒ+

25

(2) Extended modalised GCIs:
□𝗍 [A ⊑ □𝗌 [B ⇒ C]]

* can be rewritten (with a fresh concept ) to D
     and    □𝗍 [A ⊑ □𝗌 D] □𝗌 [D ⊓ B ⊑ C]]
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(1) Normalisation:
- Sharpenings:  

-                        𝗌′￼ ⪯ 𝗌 𝗌1 ∩ 𝗌2 ⪯ 𝗌
- GCIs:

-               □𝗌 (C ⊑ D) □𝗌 (C1 ⊓ C2 ⊑ D)

-       □𝗌 (∃r . C ⊑ D) □𝗌 (C ⊑ ∃r . D)

-        □𝗌 (C ⊑ □𝗎 D) □𝗌 (C ⊑ ◊𝗎D)
- RIAs: 

-               □𝗌 (R′￼⊑ R) □𝗌 (R1 ∘ R2 ⊑ R)
- Concept and role assertions: 

-                  □𝗌 C(a) □𝗌 r(a, b)

Decision Calculus for 𝕊ℰℒ+

25

(2) Extended modalised GCIs:
□𝗍 [A ⊑ □𝗌 [B ⇒ C]]

* can be rewritten (with a fresh concept ) to D
     and    □𝗍 [A ⊑ □𝗌 D] □𝗌 [D ⊓ B ⊑ C]]

Then replace:
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(1) Normalisation:
- Sharpenings:  

-                        𝗌′￼ ⪯ 𝗌 𝗌1 ∩ 𝗌2 ⪯ 𝗌
- GCIs:

-               □𝗌 (C ⊑ D) □𝗌 (C1 ⊓ C2 ⊑ D)

-       □𝗌 (∃r . C ⊑ D) □𝗌 (C ⊑ ∃r . D)

-        □𝗌 (C ⊑ □𝗎 D) □𝗌 (C ⊑ ◊𝗎D)
- RIAs: 

-               □𝗌 (R′￼⊑ R) □𝗌 (R1 ∘ R2 ⊑ R)
- Concept and role assertions: 

-                  □𝗌 C(a) □𝗌 r(a, b)

Decision Calculus for 𝕊ℰℒ+

25

(2) Extended modalised GCIs:
□𝗍 [A ⊑ □𝗌 [B ⇒ C]]

* can be rewritten (with a fresh concept ) to D
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. . .  (26 more rules)

If , then  is satisfiable□* [ ⊤ ⊑ □* [ ⊤ ⇒ ⊥ ]] ∉ 𝒦⊢ 𝒦
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Theorem 4 (Termination). The closure of  knowledge bases under the deduction calculus can be computed in PTIME.𝕊ℰℒ+

 - Polynomial normalisation & worst-case optimal Datalog encoding of the saturation procedure.

Theorem 5 (Soundness). The deduction calculus is sound for  knowledge bases.𝕊ℰℒ+

Theorem 6 (Completeness). The deduction calculus is refutation-complete for  knowledge bases.𝕊ℰℒ+

- We prove the existence of a model whenever . □* [ ⊤ ⊑ □* [ ⊤ ⇒ ⊥ ]] ∉ 𝒦⊢

- This model is canonical in a sense but it will typically be infinite.
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➡ Complexity of the satisfiability of Standpoint- +  PTime ℰℒ →
➡ Tractability is easily lost: 

-Empty standpoints  NP-hard→
-Rigid roles  CoNP-hard→
-Nominal Concepts  ExpTime-hard→
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Future Research Goals and Challenges
29

Goal: towards a viable framework for reasoning with heterogeneous knowledge communities

Objectives:

Challenge: Expressivity — Efficiency trade-off

*Knowledge available is highly diverse

*Multi-perspective frameworks give rise to complex reasoning tasks

*The Semantic Web contains extremely large knowledge sources

(O2) Efficient algorithms and 
implementations

(O1) Decidability and 
complexity

(O3) Techniques for knowledge 
combination and evolution

12 x 105 terms 


